The photoabsorption spectrum of He 
I. INTRODUCTION
Photoabsorption and subsequent photofragmentation represent well established experimental tools for studying the electronic structure of atomic and molecular complexes. They primarily provide information on electronic states of the system under study and its nonadiabatic dynamics following initial excitation. Unfortunately, the information provided by photofragmentation experiments is usually indirect and a proper theoretical interpretation is needed to get a clear picture. Numerical simulations play a very important role in the interpretation of photoabsorption and photofragmentation data and have become a common tool during last two decades, in particular as a consequence of the exponentially growing power of available computers.
The photoabsorption and photofragmentation based methods have been successfully applied, among others, to rare-gas cluster cations, Rg + N , and a lot of experimental papers investigating their photoabsorption and photodissociation [1] have been published, mostly in the 1990s (see, e.g., Refs. 2-6). The rare-gas cluster cations have also received a considerable attention from the theory [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The following reasons may justify their attractiveness for theoreticians. First of all, the electronic structure of Rg + N can be realistically modeled via computationally cheap semiempirical methods based on the diatomics-in-molecule (DIM) approach [17] which have been recently shown to be highly accurate and comparable to high-level quantum chemistry approaches [18] like, e.g., the coupled clusters or multireference configuration interaction methods. Noteworthy, not only the electronic ground state, but also plethora of excited states covering a broad range of electronic excitations from infrared to ultraviolet are provided by these models. In addition, the most important relativistic effects, the spin-orbit coupling, can be included in the DIM approach [19] via a simple and still highly accurate atoms-in-molecules approximation [20] . Despite all these facts, many problems that emerged from the experiments performed on Rg + N have still not been solved and the understanding of many features of the complex post-excitation dynamics of Rg + N , including their photodynamics, is still far from perfection. This holds, in particular, for helium cluster cations for which, for example, detailed photoabsorption and photofragmentation experiments were performed almost twenty years ago [6] and still have not received any theoretical response.
The helium cluster cations, He + N , represent an exception among the rare-gas cluster cations since it has been known for long that the original DIM approach does not work for them as well as it usually does for the other Rg + N . A well known failure of the DIM model for helium is that it is not even able to reproduce the equilibrium geometry of He + 3 in its electronic ground state [21, 22] . While a linear symmetric structure is predicted by highly correlated ab initio methods, a linear asymmetric structure is favored by all the pure DIM models, regardless of their level and accuracy. This defect was attributed to the lack of three-body interactions in the pure DIM approach [21] and a couple of modifications were proposed for He + N to improve the performance of the DIM model for them. The modifications can be divided in two major groups: a) approaches which modify the diatomic curves (which are independent inputs to the DIM models), in particular the diatomic potential for neutral He 2 , so that the correct equilibrium structure of He + 3 is reproduced [23] and b) approaches which add explicit three-body corrections derived from accurate ab initio calculations on He [21] . Both approaches have been used in the past in developing extended DIM models for He + N and state-of-the-art representatives of these modified DIM approaches are respectively (a) the model developed recently by Calvo et al. [24] and (b) the model proposed in 1990s by Knowles et al. [21, 25] . A primary aim of the present work is to test the reliability of the two semiempirical models by calculating the photoabsorption spectrum of He + 3 and by comparing the theoretical predictions with available experimental data [6] . These test should serve as a first step towards a reliable modeling of the photoabsorption spectra of larger He + N and their photodynamics, which is intended for future studies.
The present paper is organized as follows. First, the methods employed and computational details are briefly summarized in Sec. II with a special focus on three basic ingredients of the photoabsorption modeling: interaction models (Subsec. II A), electronic transition probabilities (Subsec. II B), and nuclear delocalization effects modeling (Subsec. II C).
Then, the main computational results are given for the two interaction models considered in this work in Sec. III. First, a detailed analysis is performed for the middle ultraviolet (mid-UV) range where experimental data are available in Subsec. III A, and then photoabsorption profiles of He 
II. METHODS AND COMPUTATIONS
The photoabsorption cross-section can be calculated for photons of energy E exciting a system from its electronic ground state to one of the excited states via [12, 26] 
where ε 0 , c and are the vacuum permittivity, vacuum light velocity and the Planck constant, respectively, E a denotes the energy of electronic state a (E 0 corresponds to the electronic ground state), µ 0a is the transition dipole moment for the 0 → a transition, all the three quantities being calculated over a set of N nuclear configurations, R (K) , used to model nuclear delocalization, and w K are non-normalized weights of the nuclear configurations corresponding to a particular sampling of the ground-state potential energy surface (PES). The first summation in the numerator of the r.h.s. of Eq. 1 and the sum in the denominator run over a representative set of nuclear configurations, and only excited states obeying
are included in the second summation in the numerator.
As a consequence, three basic ingredients are needed for calculating σ(E) via Eq. 1:
a) an interaction model providing all relevant electronic states of the studied system, b) a model for evaluating the transition dipole moments, and c) a methodology for generating representative sets of nuclear configurations needed for properly averaging the semiclassical transition probabilities. In the following three subsections, we briefly discuss how these ingredients are obtained in the present study on He + 3 .
A. Intracluster interactions
As already mentioned in the introductory section, the diatomics-in-molecules (DIM) model [17] has successfully been employed in various modelings of heavier rare gases (Ne -Xe), including the modeling of their photoabsorption and photodissociation. The DIM methodology consists in expanding the electronic Hamiltonian of a system containing N atoms into diatomic and atomic terms,
and in proposing a proper basis set of electronic wavefunctions for which the corresponding Hamiltonian matrix can be written in terms of diatomic and atomic energies (independent inputs to the DIM models usually taken from ab initio calculations or semiempirical modelings). How all this can be done for cationic clusters of heavier rare gases with sp valence orbitals was described in Refs. 19, 30, the application of the DIM approach to helium cluster cations was outlined, e.g., in Refs. 21, 23 . The basis set proposed to be used together with the DIM models for the rare gases is a minimum basis set of approximately diabatic wavefunctions representing states with the positive charge localized on a particular atom.
For an N -atomic helium cluster cation, totally N such wavefunctions are needed,
where vertical bars, | |, denote a normalized Slater determinant, φ I is a 1s orbital centered on atom I, and bars above φ distinguish between two spin orientations, without bar for the "up" orientation and with bar for the "down" orientation. Noteworthy, only one spin orientation can be considered for the ionized atom since the spin-orbit coupling need not be taken into account in He + N . In addition, Φ K can be considered real-valued. This purely pair-wise additive approach to the modeling of intra-system interactions can be further improved by including polarization and dispersion three-body forces as detailed in Refs. 19 and 31, respectively.
The pure DIM methodology fails for He + N [21, 22] even if polarization three-body forces are considered. As discussed in some detail in Sec. I, two methods were proposed to remove this defect and, presently, two state-of-the-art semiempirical interaction models, free of this defect, are reported for He [24] , which employs empirical modifications of the diatomic curves used in the DIM model so that they effectively include the three-body interactions. For a detailed description of the two models see cited literature. Mostly, these two models are used throughout this work and, below, they are denoted as the Knowles 
B. Transition dipole moment
A most important contribution to the photoabsorption cross-section (Eq. 1) is the transition probability for the underlying electronic transition (0 → a) which is proportional, within the first-order non-stationary perturbation theory, to the energy difference of the two states involved, E a − E 0 , and the square of the transition dipole moment between the two states [11] , |µ 0a | 2 ,
The energy difference is obtained by diagonalizing the electronic Hamiltonian matrix provided by the interaction models introduced in Subsec. II A, the calculation of the transition dipole moment is briefly described here.
For charged clusters of heavier rare gases (Ar -Xe), point-charge approximation (PCA) [10] has been successfully used in transition dipole moment calculations. For He + N , the transition dipole moment is obtained within the PCA as
where ⃗ R K denotes the position of the atom K in the current cluster configuration R, and
K are the expansion coefficients of respectively the electronic ground-state wavefunction and the wavefunction of the excited state a expressed in the diabatic basis set given by Eq. 3. In a general case, asterisk denotes the complex conjugation, but need not be considered here since, as discussed in the preceding subsection, the electronic Hamiltonian matrix can be assumed real-valued for He + N and the expansion coefficients are thus real-valued as well.
Despite the fact that the PCA performs rather well for rare-gas cluster cations, Naumkin pointed out in Ref. 34 that polarization of electronic clouds may play a role for these systems and developed a DIM-based methodology for including the polarization effects in PCA calculations. Later on, it was shown that this correction is particularly important for heavy rare gases (krypton and xenon) and that the extension developed by Naumkin is capable to accurately reproduce the photoabsorption spectrum of rare-gas dimers (e.g., Kr + 2 [16] ) calculated at full ab initio level. Nevertheless, the inclusion of polarization effects does not seem to be necessary for He + N , mainly because light helium atoms are only weakly polarizable. To justify this conclusion, we compare in Fig. 1 the transition dipole moment, µ 0→1 , calculated for the dominating parallel transition in He + 2 either ab in initio or using PCA (which degenerates, in this case, to a simple R/2 dependence of µ 0→1 on the interatomic distance, solid line in Fig. 1) . Clearly, accurate ab initio calculations performed at icMRCI/aug-cc-pVQZ level using the MOLPRO package [35] (circles in Fig. 1 ) follow closely the R/2 line down to very short interatomic distances. Noteworthy, the difference is less or equal 1% even for distances around the equilibrium separation in He + 2 (r eq ≈ 2.1 a.u.) and grows up to about 7% only for r ≈ 1.4 a.u. However, such a short distance can be reached in electronically ground-state He + 2 only if the dimer is vibrationally excited close to its dissociation limit. As a consequence, the simple PCA can be safely used in transition dipole moment calculations, as done throughout this work.
C. Nuclear configurations
Since nuclear delocalization plays an important role in light helium clusters, even at close-to-zero temperatures, the transition probabilities have to be properly averaged over a representative set of nuclear configurations. There are, in principle, three ways how to model the nuclear delocalization in He + 3 , provided the cluster can be considered cold with internal temperature T ≈ 0 K [36] . First, the most realistic way is that the configurations used in Eq. 1 are sampled from the square of accurate vibrational ground-state wavefunction which can be obtained for He Third, the quantum delocalization can be, at least by part, modeled by classical samplings of hot (vibrationally excited) clusters instead of cold ones. In this case, the classical vibrational excitation of the cluster (classical non-zero temperature) will approximately mimic the zero-temperature quantum delocalization. All the three approaches are used in this work and compared to each other. The inclusion of the two latter, approximative approaches is motivated by the fact that the state-of-the-art calculations employing accurate vibrational wavefunctions cannot be simply extended to larger cluster sizes while the latter two can.
Sampling from accurate wavefunction for He
The hyperspherical method [37, 38] , employed recently in calculations of He vibrational spectrum and Ar 3 and H + 3 rotational-vibrational spectrum [39] [40] [41] [42] , is used in this work to obtain the accurate wavefunction corresponding to the He A detailed description of the current implementation of the hyperspherical method for He + 3 has been given elsewhere [39] [40] [41] [42] and, thus, only brief remarks directly related to the subject of the present study are included here. In general, our implementation of the hyperspherical method consists in transforming the nuclear Schrödinger equation for a threebody system into row-orthonormal hyperspherical coordinates [37] : hyperradius (ρ) and two hyperangles (θ and δ) representing vibrational degrees of freedom, and three Euler angles (a, b and c) describing the system rotations in the center-of-mass frame. In the discrete variable representation, values of the ground-state vibrational wavefunction, Ψ vib 0 , can be obtained for a non-rotating system over an in principal arbitrarily large grids of ρ iρ (i ρ = 1, ..., N ρ ),
A basis set of N h principal-axes-of-inertia hyperspherical harmonics, F k , together with ρ- corresponding to the generated values of the three hyperspherical coordinates have been used in Eq. 1 with weights proportional to the product of the square of the vibrational wavefunction and the magnitude of the Jacobian for the hyperspherical to the Cartesian coordinates transition [44] ,
Sampling from wavefunction calculated at the harmonic approximation level
For small vibrations around an equilibrium configuration of an N -atomic system, the harmonic approximation can be used within which the PES is approximated, in a close vicinity of the equilibrium configuration, by a simple quadratic function. In this case, the stationary Schrödinger equation can be solved analytically and the vibrational ground-state wavefunction can be expressed in normal-mode coordinates as a product of independent Gaussian functions. If equal masses are considered for all the atoms involved, the wavefunction reads as follows (see, e.g., Ref. [45] ):
where q k , ω k , m, and are respectively the normal-mode coordinates, angular frequencies, atomic mass and Planck constant, and f is the number of vibrational modes (f = 4 for the equilibrium, linear symmetric structure of He + 3 [46] ). In this work, the approximate wavefunction of Eq. 8 is used to assess, by comparing with the HYP approach, the influence of anharmonic corrections to the He + 3 PES around its linear symmetric equilibrium configuration. Below, we denote the photoabsorption data obtained for configurations sampled from the square of the harmonic vibration wavefunction by acronym HA (Harmonic Approximation). Since the normal mode coordinates can directly be sampled from Gaussian distributions corresponding to the square of the wavefunction given by Eq. 8, the sampled configurations are included in the photoabsorption cross-section calculations (Eq. 1) with equal weights, w K = 1.
Classical samplings
Even though helium atoms are too light for the classical approach to be valid for them, particularly at low temperatures, classical sampling methods may still be of some use for two reasons. First of all, it is well known that increased temperature or internal energy of the system at the classical level may, at least partly, mimic quantum nuclear delocalization.
Secondly, it can be easily shown that, for a linear harmonic oscillator, classical constanttemperature simulations should lead to a distribution of geometries corresponding exactly to the square of the ground-state vibration wavefunction if the classical temperature is chosen properly (T eff = ω/2k B ) [47] . As a consequence, a classical constant-temperature simulation with properly chosen temperature may approximately reproduce the zero-temperature quantum distribution and take partly anharmonic effects into account at the same time since it is not constrained to the harmonic PES. We have included classical sampling methods in the present work as a straightforward and cheap alternative to quantum samplings for larger He + N for which a) the full quantum approach is not possible or extremely time consuming and b) the harmonic approximation approach may fail due to anharmonicities or due to the existence of many structural isomers.
Two classical sampling methods are used in this work, the constant-temperature (canonical) Monte Carlo and the constant-energy (microcanonical) Monte Carlo method [48] . Nonrotating clusters (with zero angular momentum) are considered in the classical samplings so that the corresponding data are compatible with the data obtained from quantum calculations, which are, as well, performed for non-rotating clusters. Photoabsorption data obtained for the two classical approaches are respectively denoted in this work as cMCJ0 and µcMCJ0. Standard Metropolis sampling algorithm [49] is used with equilibrium distributions given by [50, 51] 
for cMCJ0 and
where f is the number of vibrational degrees of freedom (f = 4 for He + 3 ), for µcMCJ0. In Eqs. 9 and 10, E 0 (R) denotes the energy of the electronic ground state of He is the determinant of the cluster inertia momentum at the configuration R, T and E int are the cluster temperature and internal energy, respectively, and Θ denotes the Heaviside function.
Since the He + 3 configurations are directly sampled from the distributions given in Eqs. 9 and 10 by the Metropolis algorithm, their weights are set to one in Eq. 1, w K = 1.
III. RESULTS AND DISCUSSIONS
Before presenting the calculated photoabsorption cross-sections, let us summarize the structural properties, binding energies, vertical excitation energies, and vertical transition dipole moments for equilibrium He + 3 . Such a summary will be useful for the interpretation of ensuing photoabsorption data and is done in Tables I -III where results obtained from semiempirical models are compared with recent ab initio data [52] .
First, equilibrium geometries and dissociation energies are summarized for equilibrium He + 3 in Table I + u transition is non-zero and rather strong absorption is expected for this transition at about E phot ≈ 5.62 eV (λ ≈ 220 nm, mid-UV range). Noteworthy, this conclusion conforms well with the experimental findings that a strong photoabsorption band exists for He + 3 at E phot ≈ 5.34 − 0.1/ + 0.2 eV [6] , Only faint photoabsorption will accompany, on the other hand, the weakly forbidden transition
.88 eV (λ ≈ 125 nm, far-UV range). This transition will become allowed only in vibrationally excited He In Table III , the charge delocalization is overviewed for completeness for the electronic ground state and the two lowest excited states of He PES, are slightly overestimated by these two methods. Secondly, both quantum samplings (HYP and HA) reproduce well the height of the experimental mid-UV peak, the experimental peak being only by about 15% higher than the height resulting from the benchmark HYP approach. Note that the excellent correspondence between the experimental peak height and the height of the cMCJ0 and µcMCJ0 profiles is an artifact of the calculation strategy since the height of the theoretical profiles has been adjusted by changing the He + 3 temperature and/or internal vibrational energy to fit the height of the experimental peak. Thirdly, the width of the mid-UV absorption peak is slightly overestimated by the quantum sampling methods (HYP and HA) and underestimated by the classical sampling methods (particularly by cMCJ0). But, in general the correspondence between theoretical predictions and the width of the mid-UV peak obtained from a fit of experimental points is fairly good. As already partly discussed in remark [53], the sharper shape of theoretical absorption profiles obtained for classical samplings is probably the consequence of insufficient sampling of the nuclear configurations beyond the classical turning points in classical sampling schemes. For cMCJ0, for example, the temperature best reproducing the peak height is too low to sample properly the symmetric stretching of He + 3 , the mode which is expected to be particularly important in the mid-UV region photoabsorption of He + 3 . For µcMCJ0, a problem surely arises from the sampling not being able to cross the borders of the classically accessible region at a given internal energy. Despite all these reservations, one can safely conclude that the theoretical absorption profiles presented in Another conclusion which is obvious from Fig. 3 is that the population of He Fig. 3 . Only two sampling algorithms have been used for this model, namely HA and µcMCJ0, and two sets of theoretical curves are presented in Fig. 3 , black curves displaying direct computational data and grey curves representing the computational data shifted along the photon energy axis. As expected from the data given in Table II, the position of the mid-UV photoabsorption of He Table V ), the theoretical prediction of the band position is not. But, if the theoretical profiles are shifted properly along the energy axis (grey curves in Fig. 3 The data we obtained in the mid-UV region using the DIM model (not graphically represented here) clearly document the failure of this model for He by this approach is close to the dimer photoabsorption profile which is also close to zero in the mid-UV range. Only for non-physically frozen trimer (E int = 1 meV ≈ 0.01 × ZPE), the height of the theoretical peak calculated using the pure DIM model (≈ 0.23Å
2 ) and its position (E phot ≈ 5.24 eV) become comparable to the height and position of the experimental peak. However, an extremely narrow theoretical profile is obtained in this extreme case.
B. Far UV region
It is clear from Table II that additional absorption peak can be expected for He + 3 in the far-UV region at around E phot ≈ 10 eV. Since there are no experimental data on the He + 3 photoabsorption in this region, only theoretical predictions resulting from various approaches are compared here. This is done in Fig. 4 After inspecting Fig. 4 and Table VI, one can conclude that a considerably broader and more than ten times weaker band is predicted for the far-UV region comparing to the photoabsorption profiles reported for He 
C. Effect of vibrational and rotational excitations
How the photoabsorption of He In the mid-UV region, several systematic trends are observed in the evolution of the photoabsorption spectrum with increasing vibrational energy of He µcMCJ0 and E int = ZPE, 0.19Å 2 for HYP calculations, and 0.17Å 2 for HA calculations.
The effect of rotational excitations of He + 3 on its photoabsorption spectrum has also been preliminarily investigated by comparing the results of µcMCJ0 calculations performed for three lowest vibrational energies considered in this work (E int = 0.80×ZPE, E int = ZPE, and E int = ZPE + 20 meV) with the results obtained from classical microcanonical Monte Carlo simulations with the rotational degrees of freedom of He + 3 included (µcMCJ̸ =0) [50, 51] ,
where f is the number of internal, both vibrational and rotational degrees of freedom (f = 6 for He + 3 ), and with internal energies multiplied by a factor 5/4. This factor has been derived from the assumption that the internal energy is distributed among 2 rotations and 4 vibrations of rotating He + 3 following the classical equipartition theorem and that the amount of internal energy per one rotation degree of freedom is equal, within the classical treatment, to 1/2 of the average amount of internal energy stored in one vibrational mode.
The result of such comparison is shown in Fig. 6 from which it is clear that the trends observed for vibrationally excited He 
IV. CONCLUSIONS
Photoabsorption of the helium trimer cation, He + 3 , has been studied theoretically using various interaction models and various methods for modeling nuclear delocalization effects.
The models used for the modeling of intracluster interactions are based on the diatomicsin-molecules (DIM) approach [17] and include three-body interactions either via explicit three-body corrections to the DIM Hamiltonian as described in Refs. [37, 38] or at the harmonic approximation level (HA) [45] , or from classical samplings using canonical and microcanonical Monte Carlo methods [50, 51] . A simple point-charge approximation [10] has been used for the calculation of transition probabilities (transition dipole moments) [11] since it has been proven sufficiently accurate by a direct comparison of the transition dipole moments obtained for a broad range of interatomic distances in He is that the photoabsorption profiles calculated for vibrationally and rotationally excited cationic trimers of helium deviate significantly from the experimental points reported in the mid-UV range [6] . This seems to further support the conclusion we give above in this section, namely that the experimental population of He [1] The number of experimental and theoretical studies reported on this subject in the literature is fairly large and a very incomplete selection of them can be cited here. Since the main focus of the present paper is on the photoabsorption of the ionic helium trimer, only studies dealing with the photoabsorption of ionic rare-gas trimers are considered. R. Kalus in the cMCJ0 calculations to best reproduce the height of the experimental mid-UV peak compares well with T as eff and T bend eff , but is significantly lower that T ss eff . This may be the main reason for that the cMCJ0 profile is a bit narrower than the profile recorded experimentally.
[54] Note that the height of the far-UV band predicted by classical calculations (µcMCJ0) is about three times larger than the height resulting from quantum calculations (HYP or HA). This may indicate that the abundance of asymmetric, dimer-like configurations, which are the main contributors to the far-UV absorption of He 
